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Abstract 

We construct a generalized massive gravity by combining quadratic gravity with 
the Chern-Simons modified term in four dimensions. This is a parity-odd gravity 
theory. Considering the AdS4 vacuum solution, we derive the linearized Einstein 
equation, which is not similar to that of the three dimensional generalized massive 
gravity. For the Kerr-Schild form of a perturbed metric tensor, the linearized equation 
reduces to a single massive scalar equation. At the tricritical points, we obtain a log- 
square wave solution. This is compared clearly to the three-dimensional tricritical 
generalized massive gravity whose dual field theory is a rank-3 logarithmic conformal 
field theory. 
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1 Introduction 



The search for a consistent quantum gravity is mainly being suffered from obtaining a 
renormalizable and unitary quantum field theory. Stelle has first introduced curvature 
squared terms of a{B^ u — -R 2 /3) + bR 2 in addition to the Einstein-Hilbert term of R pQ. If 
ab 7^ 0, the renormalizability was achieved, but the unitarity is violated unless a = 0. This 
clearly shows that the renormalizability and unitarity exclude to each other. Although 
the a-term of providing massive graviton improves the ultraviolet divergence, it induces 
ghost excitations which jeopardizes the unitarity. In this sense, a first test for the quantum 
gravity is to require the unitarity, which means that there are no tachyon and ghost in its 
particle contents. 

In this direction, recently, critical gravities have been an actively interesting subject 
because they were considered as toy models for quantum gravity [21 El SI IS! El El E] - At 
the critical point, a degeneracy take place and massive gravitons coincide with massless 
gravitons. Instead of massive gravitons, an equal amount of logarithmic modes appears in 
the critical gravity. According to the AdS/LCFT correspondence, one finds that a rank-2 
logarithmic conformal field theory (LCFT) is dual to a critical gravity [TUl [H] - However, 
one has to resolve the non-unitarity issue of these log-gravity theories. 

A polycritical gravity was, very recently, introduced to provide multiple critical points [12] 
which might be described by a higher-rank LCFT. The rank of the LCFT refers to the di- 
mensionality of the Jordan cell. The LCFT dual to critical gravity has rank-2 and thus, an 
operator has one logarithmic partner. The LCFT dual to tricritical gravity has rank-3 and 
thus, an operator has two logarithmic partners. An odd-rank LCFT allows for a truncation 
to a unitary conformal field theory (CFT) [13]. A six-derivative gravity in three dimensions 
was treated as dual to a rank-3 LCFT [TJ], while a four-derivative critical gravity in four 
dimensions was considered as dual to a rank-3 LCFT [J5]. Furthermore, it was shown that 
a consistent unitary truncation of polycritical gravity may be realized at the linearized level 
for odd rank [16]. On the other hand, a non-linear tricritical gravity of rank-3 in three and 
four dimensions was investigated in [17]. It is worth noting that a tricritical gravity was 
first mentioned in the six-derivative gravity in six dimensions [TS] . 

Interestingly, one can construct a rank-3 parity odd theory in the context of four- 
derivative gravity known as three-dimensional generalized massive gravity (3DGMG) [T9j . 
The 3DGMG is a combination of topologically massive gravity (TMG) [20] and new massive 
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gravity (NMG) [21 J . There exist two tricritical points in the 3DGMG parameter space whose 
dual theory is a rank-3 LCFT [22]. A truncation of the tricritical 3DGMG could be made 
by either imposing Ql = with Ql the Abbott-Deser-Tekin charge or removing log-square 
boundary [33]. After truncation, a left-moving sector of CFT remains unitary. 

At this stage, we would like to mention two related works on the 3DGMG. A log- 
square modes was found when choosing the Kerr-Schild metric [23] where its dual LCFT 
is not properly defined. Around the BTZ black hole, the authors [23] have confirmed the 
AdS/LCFT correspondence between the tricritical 3DGMG and a rank-3 finite temperature 
LCFT by computing quasinormal modes of graviton approximately. However, the 3DGMG 
is a toy model of tricritical gravities in three dimensions. Hence, it is very interesting to 
construct a four-dimensional generalized massive gravity (4DGMG). 

In this work, we wish to construct the 4DGMG by combining quadratic gravity with 
the Chern-Simons modified term. Considering the AdS4 vacuum solution together with 
the transverse-traceless gauge, we derive a lengthy linearized Einstein equation, which is 
not a compact form of the linearized equation as in the 3DGMG. Fortunately, taking the 
Kerr-Schild form of a perturbed metric tensor, the linearized tensor equation reduces to a 
single massive scalar equation on the AdS4. At the tricritical points, we obtain a log-square 
solution which is similar to that found in the 3DGMG [23]. This is sharply compared to the 
three dimensional tricritical generalized massive gravity whose dual field theory is a rank-3 
logarithmic conformal field theory. 



2 General massive gravity in four dimensions 



Before we proceed, we remind the reader that the 3DGMG is composed of NMG and TMG. 
Analogously, we introduce the quadratic gravity together with the Chern-Simons modified 
term [251 EH] in four dimensions as 



S 



16nG 



d 4 Xy/—g 



R-2A + aR 2 



9 

(3R cd R cd + -^RR 



[2.1] 



where A is a cosmological constant, a and /3 are parameters, while 9 is a nondynamical 
fielcf. The inclusion of the nondynamical field comes from the fact that *RR is a total 

1 We notice that in the dynamical Chern-Simons (DCS) modified gravity [351 [27J [25] , the scalar field 9 
is treated as a dynamical field. 
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divergence [251 [26]. m this action, a term of *RR = *R a b cd R h acd represents the Pontryagin 
density, defined by 

*R a b cd = le cdef R a bef , (2.2) 
2 J 

where e cde f denotes the four- dimensional Levi-Civita tensor. The last term corresponds to 
a parity-violating term of Chern-Simons modified gravity because of the parity operation 
P[*RR] = — [*RR]. An important feature of this term shows that 9 is realized as V c 6 in 
the equation of motion, which may spoil the diffeomorphism [see Eq. (l2.6p ]. 
Varying for g ab on the action ( 12. ip leads to the Einstein equation 

R ab - \g ab R + Ag ab + E ab + C ab = o, (2.3) 

where E ab and the four- dimensional Cotton tensor C ab are given by 
E ab = a [2RR ab - l -g ab R 2 + 2g ab V 2 R - V a V b R^j 

+(3 (g ab V 2 R - V a V b R + V 2 R ab - l -g ab V 2 R + 2R acbd R cd - l -g ab R cd R cd ^j , (2.4) 

C ab = V c 9 e cd \ a V\ e \R b)d + l -V c V d 9 e {b cef R d a)ef . (2.5) 

Here, the Cotton tensor C ab is a traceless and symmetric tensor. It is worth noting that 
applying V a to ()2.3|) . we get a remaining term as the Bianchi identity 

-V b 9~ 



V a C, 



ab 



*RR, (2.6) 



which should be zero when choosing a proper background solution. If not, the diffeomorphism- 
symmetry breaking is being realized from the fact that the covariant divergence of the Cot- 
ton tensor is non-zero, which contrasts to the case in three dimensions. Hence, a consistency 
condition implies that *RR = for V&0 7^ because the other case of Vb# = 0(C ab = 0) 
reduces to the quadratic gravity. In this sense, the diffeomorphism-symmetry is restored 
dynamically for the case of *RR = when choosing the AdS4- vacuum in the equation of 
motion, even though it may occur at the action level. We note that the same conclusion is 
found when 9 is considered Lagrange multiplier. 

On the other hand, it turns out that Eq. (12.31) has an AdS4 solution in which the Riemann 
tensor, Ricci tensor and Ricci scalar are given by 

Rabcd = —(g ac gbd — g a d9bc), Rab = ^g a b, R = 4A. (2.7) 



Here "overbar" denotes the background AdS^metric g ab . In order to obtain the linearized 
equation, we introduce the perturbation around the the background metric given by 



9 'ah — 9ab + h ab . 



{21 



In this case, the linearized equation to ( 12. 3 j) can be written as 

5R ab (h) - ^g ab 5R(h) - Ah ab + 5E ab + 5C ab (h) = 0, (2.9) 
where the linearized tensor 5R ab (h), SR(h), 5E ab (h) [3] and SC ab {h) [29] are given by 
SRab(h) = - (V c V a h bc + V c V b h ac - V 2 h ab - V a V b h) , 



5R(h) 



V a V b h nh - V 2 h - Ah, 



5E ab (h) = 4A ( 2a + ^ ) 5G ab + (2a + /3) {g ab V 2 - V n V 6 + Ag ab ) 6R 



+(3 h 2 6G ab - 2 -^g ab 5R 



5C ab (h) 



l -v c e cd \ {V e 5R bd - AV e h bd ) + l -v cd e b cef (v e V f h d a + V e V a h d f 



-V e V d h af - V f V e h d a - V f V a h d e + V f V d h Q 



a b 



with 



5G ab = 5R ab - -5Rg ab - Ah ab , v c = V c 0, v cd = V c V d Q. 



(2.10) 



(2.11) 



Imposing the transverse gauge as 



V a h nb = V h h 



(2.12) 



and substituting (12.121) into Eq. (12.91) . the trace part of the perturbation equation (12.91) 
becomes 



A(h- 2(3a + (3)V 2 hj = 0, (2.13) 
which results in g ab SC ab = 0. In order to eliminate a massive spin-0 mode, we set [3] 



3a + (3 = 0. 



(2.14) 
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In this case, Eq. (12. 13[) yields h = which implies that we may have the transverse traceless 
(TT) gauge 



V a h 



ab 



0, h = 0. 



Substitution of QXHD and (12^5]) into Eq.(J22D !eads to 



3a 
T 



V 2 - 



2A 



4A 



3a 



Kb + SC ab (h) = 0. 



(2.15) 



(2.16) 



Here the linearized Cotton tensor 5C a b(h) is given by 

l -v c e cd \V e V 2 h bd + ^v c e cde a V e h bd + \v cd e b cef (v e V a h d f - V e V d h af 



SC ab (h) 



+ 



(2.17) 



At this stage, we point out that it is difficult to combine SC a b with the first term in Eq. (12. 16j) 
without any choice of 9. It is, however, known that for a particular choice of 9 [291 [30], one 
can manipulate 5C a b so that the perturbation equation (I2.16P can be factored out. This 
could be achieved by introducing the Poincare coordinates (u, v, x, y) for the AdS 4 : 

02 



X 



9 = k-, g ab 

y 



y 2 



(2.18) 



where k has the dimension of [mass] 2 , £ is the AdS 4 curvature radius (A = — 3/£ 2 ) and r) a b 
is the flat metric tensor defined as 

r] a bdx a dx b = 2dudv + dx 2 + dy 2 . 

Plugging Eq. (12. 181) into Eq. fl2.16p . one arrives at 



(2.19) 



V2 -i A 



Alternatively, it leads to 



V 2 - -A - —J + v c e cde (a V lel h b)d 



-3a(v 2 -|A-f 
V 3 3a 



cde 



-A hj 



a d 







(2.20) 



(2.21) 



because two operations in Eq.( )2.20p commute to each other. Here, v c is given by 

1 x 



v r = k\0,0, 

y y 2 



(2.22) 



which generates the mass of graviton. In this case, v c is not a constant vector but a vector 
field. 
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3 AdS wave as perturbation 



It is a formidable task to solve (I2.2ip directly because the four dimensional Cotton term 
induces a complicated expression upon choosing v c as in (12.221) . In order to solve Eq. fl2.2ip . 
we take the Kerr-Schild form as an AdS^wave solution 



h 



ab 



2if\ a X b 



(3.1) 



where A a = (1,0,0,0) is a null (A 2 = 0), and geodesic vector and a scalar field <p = 
(p(u,v,x,y). The TT gauge condition (I2.15P implies that one may restrict <p to (p(u,x,y) 
by requiring the condition of \ a V a ip = 0. Substituting h ab = 2tp\ a \ b into the tensor 
Eq. (12.201) leads to the scalar equation for <p 



2 4 f 



<p = 0. (3.2) 



Introducing the separation of variables <p(u,x,y) = U(u)X(x)Y(y) and taking into account 
A a , (gllBD and v c fl2~22|) . Eq.fJMD reduces to 

3a(y 2 (9 2 + d 2 x ) + 2yd y - + k(xd x + yd y + 



x[y 2 (d 2 v + d 2 x ) + 2yd y -2)XY = 0. 



(3.3) 



We remark that for the AdS4-wave, the second parenthesis in Eq. (I3.3j) is consistent with 
the linearized equation of the massless scalar, which corresponds to the second parenthesis 
of massless tensor in Eq. (I2.2ip . 

On the other hand, as was suggested in the 3DGMG [TH], the first bracket in Eq. (l3.3p 
is related to the massive equation which consists of two mass parameters ni\ and m-i- In 
order to obtain two massive equations from the first bracket in Eq. (13.31) . we introduce the 
four first-order operators, 

D mi =yd y + mi, D~ l — yd y — 1, D +2 = yd y + 2, (3.4) 

where i = 1, 2. Using these mutually commuting operators, Eq. (13.31) can be expressed 
compactly as 



D m 1D m 2 D ~i D +2 Y ^ = ^ ( ydy + mi )( ydy + m 2 ){yd y - l)(yd y + 2) Y(y) = 0. (3.5) 
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In deriving this, we assume that X(x) =constant. Comparing Eq. fl3.5p with Eq. fl3.3p . we 
find mi and m 2 (a ^ 0) 



k 2 


2k 


U 2 


9a 2 


3a 


3a 


k 2 


2k 


U 2 


9a 2 


3a 


3a 



m2 = 5( 1 + irVi?-§ + 1 + ^j- (37) 

For a = 0, being the Chern-Simons modified gravity (22), we have a third-order perturbation 
equation from Eq.f l3.3p instead of the fourth-order equation (13.50 . In this case, a single mass 
parameter m can be determined as 

I 2 I 2 
mi — m = 1 , m 2 = or m 2 = 1 , mi = 0. (3-8) 

4 Tricritical and critical points 

Now we wish to obtain tricritical points which can be read off from Eq. (13. 5p . For this 
purpose, we focus on two points as follows: 

point 1 : k = 9a = -3l 2 => m 1 = m 2 = 2 (4.1) 

3 

point 2 : k = -9a = -£ 2 =^ mi = m 2 = -1. (4.2) 

For each point, equation ( 13. 5 j) reduces to 

D- 1 D +2 D +2 D +2 Y(y) = + 2) 3 (y^ - 1) F(y) = (4.3) 

D~ l D~ l D~ l D +2 Y(y) = (yfy - 1) 3 (t/^ + 2) F(y) = 0, (4.4) 

respectively. It is important to note that at the point 1, the operators D mi and D" 12 
degenerate with D +2 [Eq. fl4.3p ]. while at the point 2, they degenerate with D~ x [Eq. (14.41) . 
We remind the reader that these correspond to two tricritical points, which implies that 
there exists three-fold degeneracy. 

On the other hand, it is well known that in the quadratic gravity |31j . obtained from 
taking the k = limit in Eq.f l3.3p . the critical point is given by a = £ 2 /6 = — 1/(2A). In 
this case, one checks that Eq. (j3.3|) reduces to 

D- l D +2 D- l D +2 Y(y) = (yd y - l) 2 (yd y + 2) 2 Y(y) = 0. (4.5) 
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Figure 1: The tricritical and critical points on the k vs a graph for £ 2 = 1. The tricritical 
points 1 and 2 correspond to (a, k) = (—1/3, — 3) and (—1/12, 3/4), while three critical 
points 3 — 5 to (1/6, 0), (0, 1/2), (0, — 1), respectively. In addition, the point (0, 0) 
denotes the Einstein gravity. 

In the Chern-Simons modified gravity (29], the a = limit in Eq. ( 13. 3p . we obtain two 
critical points of k = £ 2 /2 and k = —£ 2 from Eq. (l3.8j) . For each k, Eq. (13. 3p becomes the 
third-order equation as 

D- 1 D- 1 D +2 Y(y) = (yd y + 2)(yd y - l) 2 Y(y) = 0, (k = £ 2 /2) (4.6) 
D~ l D +2 D +2 Y(y) = =► (yd y - l)(yd y + 2) 2 Y(y) = 0. (k = -f) (4.7) 

For k = £ 2 /2, two-fold degeneracy emerges at m — mi — —1, whereas there exists two-fold 
degeneracy at m — m 2 = 2 for k = —£ 2 . 

In what follows, we find the solution to Eqs.( l4.3j) -( l4.7p for each point: 

(i) mi = m 2 = 2 (point 1 : tricritical) 

<p(u,y) = U{u)Y{y) 

= ci(u)y+\\c 2 (u) + c 3 {u)ln(y) + c 4 (u)ln 2 (y)}, (4.8) 
V 2 L J 



(ii) mi = m 2 = — 1 (point 2 : tricritical) 
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<p{u,y) 



U(u)Y(y) 
, s 1 

yl 



ce(tt) + c 7 (u) ln(y) + c 8 (w) ln%) 



(4.9) 



(iii) mi = 2, m 2 = — 1 (point 3 : critical) 
<p(u,y) = U(u)Y(y) 



d^u)y + d 2 (u)- 2 + d3(«)j/ln(2/) + <h(u)^-, (4.10) 



(iv) mi = — 1, W2 = (point 4 : critical) 

tp(u,y) = U(u)Y{y) 



d 5 (u)y + <k(u)\ + d 7 (u)?/ln(y), (4.11) 



(v) mi = 0, r«2 = 2 (point 5 : critical) 

<p(u,y) = U(u)Y(y) 

1 \n(y) 
= d s (u)y + d 9 (u)- + d 10 (u)^, (4.12) 

where c\^s and di^io are undetermined functions of u. 

From (i)-(v), we observe that at tricritical points 1 and 2, there exists the log-square 
term, as was shown in the tricritical 3DGMG [23], while at the critical points of 3 — 5, 
the solutions have the log terms. In particular, the combination of the solution (14.111) and 
f)4.12p yields the solution (14.10]) in the quadratic gravity [31] which provides the fourth-order 
perturbation equation at the critical point. 

In summary, Fig.l shows two tricritical points and three critical points in the 4DGMG, 
which are depicted in the (a, k) plane. 
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5 Discussions 



We have constructed a generalized massive gravity by combining quadratic gravity with 
the Chern-Simons modified term in four dimensions. The four-dimensional generalized 
massive gravity is similar to the three-dimensional massive gravity. Considering the AdS4 
vacuum solution, we have derived the linearized Einstein equation, which is not a compact 
form in compared to that of the three-dimensional generalized massive gravity. For the 
Kerr-Schild form of a perturbed metric tensor, however, the linearized tensor equation 
reduces to a massive scalar equation. At the tricritical points, we obtain a log-square wave 
solution whose dual field theory is not properly defined. This is compared clearly to the 
three-dimensional tricritical generalized massive gravity whose dual field theory is a rank-3 
logarithmic conformal field theory. 

A crucial difference between the 4DGMG and 3DGMG is that the former has the Chern- 
Simons modified term of | *RR with 9 a function of the spacetimes, while the latter has the 
topologically massive term ^-e ■ [TdT + |ITT], even though two terms are parity- violating 
term. The presence of 9 in the 4DGMG prevents us from having its dual LCFT at the 
critical point because it is a nondynamical field but not a constant like in the 3DGMG. 
Most of all, choosing 9 = kx/y makes the linearized equation complicated on the AdS4 
spacetimes, which implies that the equation can not be written by a compact form, as was 
shown in the AdS3 background: 

(V L V R V M +V M -h)^^0, (5.1) 

where h^ u is the perturbation of the metric around the AdS3 spacetimes and the differential 
operators V L ' R , V M +' M ~ are given in [M [T9l 124] . 

Therefore, the parity-odd tricritical gravity theory in the 4DGMG is very difficult to 
have its dual higher rank LCFT except the tricritical 3DGMG. 
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